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Mixed H,/H ., Optimal Control for an Elastic Aircraft

Yigang Fan,* Eugene M. Cliff, Frederick H. Lutze,* and Mark R. Anderson®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

A mixed H,/H , optimal control design and its application to a flight control problem of B-1 aircraft is studied.
The mixed Hy/H, optimal control design is one of finding an internally stabilizing controller that minimizes the
H,/H , performance index subject to an inequality constraint on H,, norm. The application is a linear model
of longitudinal motion of B-1 aircraft. A standard eigenvalue problem that involves linear matrix inequalities is
formulated, and efficient interior point algorithms are used to solve this problem numerically. Results show that
this mixed Ha/H », optimal design leads the designer into a tradeoff between H; and H, objectives. Through this
method, a designer can determine the controllers that result in the desired closed-loop noise rejection properties

and stability robustness.

Nomenclature
a, = pilot station acceleration, ft/s>
a, = c.g. vertical acceleration, ft/s?
q = pitch rate, rad/s
o = angle of attack, rad/s
y = Hy performance measure
8. = elevator command input, rad
A = mixed H,/H,, performance measure
u = H, performance measure
& = first bending mode, in.
& = first mode rate, in./s
o = singular value of return difference
Subscripts
b = quantity of rigid body model
e = quantity of elastic model

I. Introduction

HE objective of optimal control design is minimizing or maxi-
mizing some index performance by which various designs can
be compared. The traditional H, optimization attempts to minimize
the energy of the system output when the system is faced with white
Gaussian noise inputs. The result is a controller adept at handling
noises but potentially weak in robustness characteristics and track-
ing performance. The H,, optimization, on the other hand, attempts
to minimize the system output energy to unknown but bounded en-
ergy inputs. The Hy, optimal controller results in a highly robust
system but one that can be notably deficient in handling noises.
The design method explored in this paper is the mixed H,/H,, op-
timization that handles white Gaussian noise and bounded energy
inputs simultaneously and establishes a link between H, and Hy,
optimization. Through this method, the designer can determine the
tradeoff between the noise rejection (H,) and robust stability char-
acteristics (Hy).
Recently, there has been a great deal of interest in formulating
a mixed H,/Hy, optimal control problem. Although this problem
can be stated and motivated quite easily, solving it has turned out
to be difficult. Currently, no analytic solution is available. However,
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very powerful algorithms and associated theory have recently been
developed for convex optimization. As a result of this development,
we can now very rapidly solve many convex optimization problems
for which no traditional analytic solutions are known.

We focus on the mixed H,/H, problem as formulated by
Khargonekar and Rotea.! However, we cast this problem as a stan-
dard eigenvalue problem that involves linear matrix inequalities
(LMI). Efficient interior point algorithms® are used to solve this
optimization problem numerically.

The plant considered in this study is a linear model for longitudi-
nal motion of B-1 aircraft. The reason why B-1 aircraft is of interest
in this study is that the aircraft has a requirement to provide a spec-
ified level of ride quality for the crew, since one of the principal
missions of this aircraft involves flying for long periods of time in
close proximity to the terrain. Using the formulation and techniques
already mentioned, we are to find an internally stabilizing controller
that minimizes an upper bound for the H, norm from the plunge gust
input to the pitch rate and the pilot station acceleration while impos-
ing an inequality constraint on the H,, norm of another closed-loop
transfer function. This problem can be interpreted and motivated as
a problem of optimal H, performance at the pilot station subject to
a robust stability constraint. Because B-1 design requirements have
produced a relatively flexible aircraft, two models are of interest
in this study. These include a model based on rigid-body dynamics
only and one with rigid-body modes and elastic modes included.
Numerical results will be provided for these two cases.

The formulation of the mixed H,/H,, optimal control problem
is presented in Sec. IL. In Sec. III, we cast this constrained optimal
control problem into a standard eigenvalue problem that involves
linear matrix inequalities. A link between H, and H,, optimization
is also established. In Sec. IV, two design models of B-1 aircraft are
presented. These include one based on rigid-body dynamics only
and one with elastic modes included in it. In Sec. V, the optimization
results for both models are presented. The tradeoff between the noise
rejection and robustness performance are discussed. The effects of
elastic flexibility on the optimization design are also shown.

II. Mixed H,/H,, Optimal Design Problem
The basic block diagram used in this paper is given in Fig. 1, in
which P is the plant and X is the controller. Only finite dimensional
linear time-invariant (LTT) systems and controllers will be consid-
ered in this paper. The signal w is an exogenous input, u is the

W ] - 20
P ™ z1
u - y

K

-t

Fig.1 Block diagram of mixed H/H , control.
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control, y is the measurements, and z, and z; are two sets of outputs
of interest. The resulting closed-loop transfer function matrix from
wtoz =[zy z;]" is denoted by

Tzow
Tw =
z (Tm} ) 1)

The mixed H,/H,, optimal design of interest here is that for a
given scalar y > 0, we are interested in an internally stabilizing
controller K such that an upper bound for || T, (K|, is minimized
while maintaining ||7;,.,(K)ll < ¥. In this paper, we consider a
special case in which the states are available for feedback.

Let the plant be given by the following state-space representation:

% = Ax + Byw + Bau, 20 = Cox + Dou
z1 = Cix + Dyu, y=x @
Consider a static controller K such that
u=Kx 3)
With this controller, the plant (2) becomes
% = Fx + Biw, z0 = Hox, S a=Hx @

where F = A+BzK, H() = C()+D0K,andH1 = C1 +D]KThC
state-feedback gain matrix K should be chosen such that matrix F
has all eigenvalues in the open left-half plane.

In this case, the H; norm of the closed-loop transfer function
matrix Ty, is given by

| Ty I3 = tr(HoL Hy) ) )
where L. is the solution of the following Lyapunov equation:
FL.+L.F" + BBl =0 6

Now, let y > 0 be given and assume that ||T}, || < y. Itis
known!3 that there exists a unique real symmetric matrix ¥ such
that

H
2

A T HlT
RY,y)=FY+YF +7Y

Y+BB =0 (7
14

and Y satisfies the following inequalities:
0<L <Y<Y ®)

where ¥ represents any real symmetric matrix that satisfies the
quadratic matrix inequality R(Y, y) < 0. Then,

1 Tzqu ”% = tr(H(,LCHOT) < tr(H()YH‘;F) ©)

So there exists an upper bound for this H, norm that we define as
the mixed H,/H,, performance index

J (T y) = {trf(HoYH]) 1 Y = YT > 0,R(Y,y) =0}  (10)

Suppose that transfer function matrix T, is strictly proper and
IT;wllc < ¥. Then the mixed H>/H, performance index can be
expressed alternatively as

(T, v) = inflee(HoY H{) : Y = YT > 0, R(Y,y) < 0} (11)

Note that in Eq (11), F =A+ B,K, Hy = C() + DyK, and
H, = C,+ D K. Thus, for a given scalar y > 0, the mixed H,/H,,
performance index J(T,, y) in Eq. (11) becomes a function of
controller XK. The mixed H,/H., optimal design considered here is
to minimize J (T, ) by choice of K.

To formulate a convex optimization problem, we replace the
search over state-feedback gain matrices K by a search over a larger
space of matrices. This is done by introducing the change of vari-
ables K = WY ! where Y is a solution to the quadratic matrix
inequality R(Y, y) < 0 that characterizes the H,, norm constraint.

Let the feedback gain K = WY~!; the objective function in the
performance definition (11) then becomes

tw(HoY HY) = t[(Co+ DoWY ™) ¥ (Co + DowY™")"]
= tr[(CoY + DoW)Y ' (CyY + DyW)' ]

2w, Y) 12)

The expression of the quadratic constraint R(Y, y) in Eq. (7)
becomes

HTH
R(W,Y,y)=FY +YF" + Y——‘y—z—lY + B.B]

=AY +YAT + B,W + WTB] + B, B]
1
+ F(CIY +DWT(C,Y +D\W)  (13)

Finally, the mixed H,/H,, optimal design problem can be formu-
lated as

minimize f(W, Y)

wr (14)

R(W,Y,y) <0, Y=YT>0

where f(W,Y) and R(W, Y, y) are given by Eqgs. (12) and (13),
respectively.

This formulation all but follows the one developed by
Khargonekar and Rotea.! In their formulation, they considered a
standard case, y = 1. Here we treat y as a parameter so that we can
investigate the effects of y on this mixed control design.

III. Optimization over LMIs

Consider the mixed H,/H,, optimal control problem (14). The
quadratic matrix inequality R(W, Y, y) < 0 can be converted into
a linear matrix inequality using Schur complements.>*

The basic idea is as follows. The nonlinear matrix inequality,

T(x) >0, Qx)—SETE)'S®" >0 (15

where Q(x) = Q(x)T, T(x) = T(x)T, and S(x) depend affinely
on x, is equivalent to the following LMI:

o) Sx)
<S(x)T T(x)) >0 (16)

Using this transformation, the quadratic inequality R(W, Y, y) <0
is equivalent to the following LMI:

w,Y C,Y + Dyw)T
o( ) (G W) -0 an
C\Y + DWW y21
where
QW,Y)=—AY —YAT — B,Ww — W'Bl — B,;BT  (18)
Introducing an auxiliary symmetric matrix X and an auxiliary
scalar A, then the objective function f(W,Y) in Eq. (12) can be
written as follows:
f(W,Y) =minA
A—tr(X) >0
X = (CoY + DyW)Y " H(CyY + DeW)T > 0

= minA

A—tr(X) >0

X CoY + DoW
. >0 (19)
(CoY + DyW) Y
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Combining Eqgs. (17) and (19), expression (14) can then be re-
duced to a standard eigenvalue problem?* over linear matrix in-
equalities,

mi&)‘i)r(r,lgze A, A—tr(X) >0
X CoY + DoW
<(coy +DoW) Y ) >0 (20)
QW, 1Y) (C1Y + DiW)T
(C1Y+D1W V2T )>0

where Q(W, Y) is a linear matrix expression in W and Y that is de-
termined by Eq. (18). Scalar A takes the place of objective function
f(W,Y) as nominal mixed perfomance.

This is a convex optimization problem. We can use the interior
point method for the solution. The optimization variables are ma-
trices W, X, and Y. Here, y appears as a parameter in the problem.
Matrices X and Y are symmetric positive definite. Consider the
following two extreme cases of problem (20).

Case 1, infinite y solution: when y — oo, from the definition of
the mixed H,/ H,, performance index, we know that

lim J(Toy, 7) = Wl @1

Thus, the mixed H,/H,, optimization considered here reduces to
the standard H, optimal control. In this case, the mixed H,/Hy
optimization formulation (20) becomes

minimize A, A—tr(X) >0
W.X.Y
X CoY + DyW
B @2)
(CoY + DyW) Y

~AY —~YAT — B,W — W'B] — BB} >0

This is a reduced-order eigenvalue problem over linear matrix in-
equalities. We can still resort to interior point algorithms for the
solutions.

Case 2, minimum y solution: here we are interested in finding
the minimum y such that the optimization problem (20) is still
feasible. This is equivalent to the minimization of the H,, norm
of the closed-loop transfer fuction 7, ,,, resulting in a H,, optimal
controller. Mathematically, this problem can easily be formulated as

minimize y
WY
QW,Y) (C\Y +D,W)" 0 (23)
>
C\Y +D\W v

where linear matrix Q(W, Y) is determined by Eq. (18).

Problem (23) is equivalent to the one formulated by Ghaoui et al.®
on maximizing a robustness measure for an LTI system with casual
nonlinear diagonal perturbations with finite L, gain. The solution
will be a state-feedback controller that achieves the global maximum
of the robustness measure for structured nonlinear perturbations.

Thus, the mixed H,/ H,, optimization considered here is between
the standard noise rejection and the robustness optimal designs.
Through this design technique, it is expected to establish a competi-
tion between H, and H, goals. To use the interior point algorithms
to solve this problem numerically, the constraints of the linear matrix
inequalities should be put in the following standard affine form:

G(x) = Gy + Zx,»Gi >0 (24)
i=1

where x = [x{ x5 -+ x,]7 is the variable and G; = GT € RV ¥,
i =0,1,...,m,aregiven matrices. This can be done by introducing
basis matrices for each matrix variable.

Suppose that the dimensions of matrices A, By, By, Cy, Cy, Dy,
and D, in state-space representation (2) are A € R"*", B, ¢
R"*M B, € R"*”2 Cy € RO*", Cy € R1'*", Dy € Ro*r2,
and D; € R?* 7”2, Then the dimensions of matrix variables X, W,
and Y are X € R®*% W € R”2*" andY € R"*",

LetE, , E,,), ..., E,le be a basis for symmetric gy X ¢, matrices
[mi = qo(qo+1)/21, Ey,, Euys - - -, Ewm2 abasis for p, xn matrices
(my =npy),and E,, E,,, ..., Ey,. a basis for symmetric n x n
matrices [m3 = n(n + 1)/2]. Then matrix variables X, W, and ¥
can be expressed as

X=x1Ey +xE, +- -+ X E

Xmy
W= lewl + wZsz +--+ wm; Ewmz (25)

Y=y Ey +nEy,+ -+ IymkEy,
where x = [x; x5 -+ X, 17, w = [w; wy -+ wy,) ,and y =
yviy: - ym3]T are the variables associated with matrices X, W,
and Y, respectively.

Using representation (25), the matrix inequality constraints in
problem (20) can be put in the following standard form:

my my
GOy, %,w, ) = GoO V) + Y 5iGi+ Y w;Gps

i=1 j=1

m3
+ ) WGy amy ek > 0 26)

k=1
where G; = GT € RV>*¥ i =0,1,2,...,m (m = mi+my+my)

and N = 14 go + q; + 2n, are constant matrices.

Then problem (20) can be written as the standard form of an
eigenvalue problem over an affine linear matrix inequality so that
we can apply the interior point algorithms for the solution,

minimize A,
X, w,y

Gy, x,w,y) >0 27)

Both problems (20) and (27) are equivalent forms of the original
problem version (14).

In developing interior point algorithms to solve this optimization
problem, it is assumed that the problem is feasible and we are given
aninitial feasible point, i.e., we know XA, xy, wy, and y, for a given y
such that G(g, ¥, Xy, wo, o) > 0. The algorithms developed in this
paper are based on the method of centers, using a self-concordant
barrier function for the linear matrix inequalities. Newton’s method,
with appropriate step-length selection, is used to efficiently compute
the analytic center associated with the barrier function. Details on
this method can be found in Ref. 2.

However, finding a feasible point of the linear matrix inequality
in Eq. (26) is generally difficult. Currently, no efficient algorithms
are available for this LMI feasibility problem.

Here instead of attacking the LMI feasibility problem directly, we
consider the feasibility of the original optimization problem (14),
that is, finding Wy and Yy = YOT > 0 such that R(W,, Yy, ) < 0.
If we know such W, and Y, then choosing X, and Ay such that
Xo — (CYo+ DW)Y ' (CYy + DW)T > 0 and Ay — tr(Xp) > O,
we obtain a solution to the LMI feasibility problem mentioned.

Consider the feasibility of the following equivalent form of the
matrix inequality R(W, Y, y) < O:

QW.Y) = (1/y)(CY + DyWY(C,Y + DW) >0 (28)

where Q(W, Y) is determined by Eq. (18).

Let ymin denote the solution of the H,, optimal control problem
(23) and assume yu;, is finite. Then inequality (28) is feasible for
any given y > Yuin-

Suppose that for a given ¥y > Vmin, We know an initial feasible
point, W; and Y;, of inequality (28). By solving problem (27) using
an interior point algorithm, we can obtain a solution to the original
optimization problem (14). Let this solution be denoted by W; and
Y,. We have the following claims.

1) W, and Y; satisfy inequality (28) for any y > .

2) There exists a y; < yy for given tolerance such that W, and Y,
satisfy the inequality (28) for any y € [y1, ol

3) AlSO, Vi is the infimum of this iteration sequence {yx, k =
1,2,...}

Based on these claims, we develop the following algorithm to
solve the mixed H,/H,, optimal control problem formulated.
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Algorithm 1. Let W, and Y, be thé current feasible point of in-
equality (28) for y.
Al) Pick X, and A; such that

X — (CoYy + D()Wk)Yk—l(C()Yk + DyW)T >0
M — tr(Xy) > 0

29)

A2) Solve problem (27) using interior point algorithms, obtain-
ing Wi, and Y, ., as the solution of the mixed H,/H,, optimal
controller for y = y,.

A3) Compute a maximum positive scalar 7, such that W, , ; and
Y. .1 are still feasible for y, .1 = ¥ — T

A4) Test for convergence for a given tolerance €. If 7, < ¢,
the algorithm terminates with y; 4 as the infimum of the iteration
sequence. If not, set Wy .y — W,, Yoy — Yy, and iy — i, and
go back to step Al.

This algorithm works efficiently if (A, By) is stabilizable and
(A, Cp) and (A, C) are detectable. In this case, 1; converges to
zero monotonically.

Using claim 1 and this algorithm, we can solve the feasibility
problem of linear matrix inequality (26) for any y > ¥min.

IV. Design Example: B-1 Ride Control

We apply this mixed approach to the control of a B-1 aircraft. The
design model is the linearized longitudinal equations of motion.
The state—space representations are presented as follows:

x = Ax + Byw + B4, zo = Cox + Dy,

(30)
z1 = Cix + D{é,, y=x
where w is the plunge gust input (feet per second); zy = (g, a,)”, the
pitch rate and the pilot station acceleration, and z; = (q, @;)7, the
pitch rate and the c.g. vertical acceleration, are two sets of outputs
of interest.

By choice of controller, we minimize the H, norm of the transfer
function T,,, to provide ride quality at the pilot station while im-
posing constraint on the H,, norm of the transfer function 7, for
stability robustness characteristics.

In present study, we consider two dynamic formulations in
Eq. (30) for the mixed optimal design. These include one based
on rigid-body dynamics only and one with elastic modes included
in it. For both models, we are to determine the controllers that gen-
erate the optimal H, norm vs H,, norm curve, so that we can choose
the controller that results in the desired closed-loop noise rejection
properties and robustness performance characteristics. For the de-
signs based on the elastic model, we are particularly interested in
the effects of the flexibility on this mixed optimal design.

Design Model 1

In this design, the model in Eq. (30) just includes the second-
order short-period dynamics of B-1 aircraft. The state variables are
angle of attack o and pitch rate g. The specific form of state-space
representation (30) is given by

‘ —0.9820  0.9595
W=\ 101149 —1.6625 )

~0.1523 ) 0
T 2117993 )% T\ —0.0107 )

B 0 1 0 .
W=\ _g1726 —48607 )T\ ~aa.1431 )%

0 1 0
“= (24.0208 1.2704)’”’ * (15.5584)86

where x, = [a ¢]7.

Since the norm of matrix Bj is very small, from the consideration
of the numerical computation, we define the nominal plunge gust
input w as follows:

31

~ A
w =

0.0107w (32)

Thus, the plunge gust input term can be written as

i 0 NERW
W= 00107 )V T < )Y

The mixed optimization here is on the transfer function from the
nominal plunge gust w to the output z.

B (33)

Il

Design Model 2

In this design, we add the first bending mode and first mode rate
into the dynamic equation in state-space model (30). The objective
is to investigate the effects of the flexible structure of the aircraft on
this mixed optimal design.

This model has four states: angle of attack «, pitch rate g, first
bending mode £, and first mode rate £. The state—space representa-
tion is given by

09896 09536 —0.0128 —0.0001
. —10.4128 —1.8911 —0.4960 —0.0150
e = 0 0 0 1 e
_208.74 —175.46 —380.82 —4.5800
—0.25 0
—15.66 —1.037 | .
+ 0 8 + 0 w
—2964 —22.69 34

B 0 1 0 0.0047 0\,
W=\ _45182 —2.0576 6.0838 0.0339 /% T\ 32130 )

(0 1 0 0.0047 0\,
2= 23,4208 0.8102 —0.9989 —0.0110 )% T\ 7.7833 )%

wherex, = [o g & €17 and w here is nominal plunge gust defined
in Eq. (32).

Our numerical procedures for this design start with solving H,
optimal control problem (22) and terminate with the solution of Hy,
optimal control problem (23) by the following steps.

1) Pick Wy and ¥y = ¥ > 0 such that

—AYy— YoAT — B;Wy— Wy B] — B{B] >0

Then pick X, and Ay such that inequality (29) is satisfied. These
constitute a feasible point of the H, optimal control problem (22).

2) Solve the H, optimal control problem using interior point al-
gorithms,

3) Using the solution of the H, problem as an initial guess, find
a feasible point of inequality (28) for a finite y.

4) Initiate Algorithms 1 stated in Sec. III. We obtain a series of
the mixed H,/H,, optimal controllers associated with the iteration
sequence {y:,k = 1,2,...}. The algorithm terminates with ymn,
the infimum of the sequence y;, as the solution of the H,, optimal
control. )

After obtaining the mixed H,/H,, optimal controllers, instead of
studying the mixed optimal performance index A vs y, we choose
to study the corresponding optimal H, norm of the transfer function
Tow Vs the constraint on the H,, norm of the transfer function 75,,,.
Using obtained optimal controllers, the optimal H> norm of T,
can be computed by

A
H = ”Tzow ”2

39
= /tr[(Co + DoK)L(Cy + DoK)T |

where L, is the solution of the following Lyapunov equation:
(A4 ByK)L, + LA+ B,K)" + BBT =0 (36)

where B is defined in Eq. (33).
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V. Optimization Results

The mixed H,/ H,, optimal controllers and the associated u, the
optimal H; norm of Ty, for a series of values of y, the constraint
on the Hy, norm of T, ,,, are obtained for the rigid-body model and
the elastic mode model through the discussed algorithms,

The results of two extreme cases of this mixed optimal designs
are as follows. 1) H, optimal controllers (y — o)

{ Wy = 0.6463 }

37
K, =[-0.1871 —0.1074] @7

He = 0.5925 18
K, =1-0.4521 —-0.2952 0.4421 0.0306] 38)

2) H,, optimal controllers (minimum y)

1y = 8.3046,  Yminy = 1.578 9
K, =[1.1638 0.6888]
e = 7.7589,  Vaine = 1.546 o)
K, =[14.3812 9.9532 1.8281. —0.0004]

The obtained mixed H,/H,, optimal controllers and the associ-
ated optimal H, norms are between these two extreme cases. To
show the performances of these mixed H,/ H, optimal controllers,
we plot i as a function of y for both models in Fig. 2.

From Fig. 2, one can see the fundamental tradeoff between H,
and H,, objectives in control design. The minimum attainable val-
ues of y are 1.578 for the rigid-body model and 1.546 for the elastic
mode model, corresponding to the H,, optimal controllers given in
Eqgs. (39) and (40), respectively. When y goes up, u goes down,
resulting in controllers adept at handling noises but becoming po-
tentially weak in the H,, performances. The minimum attainable
values of u are 0.6463 for the rigid-body model and 0.5925 for
elastic mode model, corresponding to the H, optimal controllers
given by Egs. (37) and (38), respectively.

From Fig. 2, one can also see that the plot of the optimal H, norm
of the elastic mode model is below that of the rigid-body model.
Thus, using the present models and this mixed optimal design, the
elastic aircraft has better performance of noise rejection than rigid-
body aircraft for a given level of H,, characteristics.

To investigate the stability robustness of these mixed H,/H,
optimal controllers, we compute the minimum singular values of
the return difference as a function of frequency by

o(w) =gl — K(jwl — A)7'By] 1)

Figures 3 and 4 show the plots of o (w) vs the frequency for different
values of y for the rigid-body model and the elastic mode model,
respectively. From Figs. 3 and 4, the following was found.

p (optimal H, norm)

1) P BRI SR WP S S
20 25 30 35 4.0 45 50

¥ (constraint on H_ norm)

Fig.2 Optimal H, norm vs H, norm: 0, pp and A, 1.

singular value of return difference

20“ 10° 10' 102
frequency (rad/s)

Fig.3 Singular values of rigid-body aircraft.

singular value of return difference

frequency (rad/s)

Fig. 4 Singular values of elastic aircraft.

1) When y goes up, the plot of the singular values of the return
difference goes down, resulting in weak stability robustness char-
acteristics. Recalling the results shown in Fig. 2, this is a controller
adept at handling noises. When the y goes down (more strict con-
straints on the H,, norm), the plot of the singular values of the return
difference goes up, resulting in strong stability robustness character-
istics but the system becomes notably deficient in handling noises.
Thus, the designer is faced with a tradeoff between the noise rejec-
tion (H>) and stability robustness performances (Hy).

Here y is a performance measure for stability robustness. In
Ref. 5, y~! is used as a robustness performance measure to be
maximized for structured nonlinear perturbations.

2) For the H, optimal solutions (y — ©0), since matrix C; is
not orthogonal to matrix Dy, i.e., COT Dy # 0, the classic Kalman’s
inequality”-® for standard linear quadratic regulator (LQR) solution
no longer exists. This is the general case of H, optimal design. In
this case, the singular value plot of the return difference will not be
guaranteed to be above 1. One can see, from Fig. 3, that the plot of
the return difference for the rigid-body model drops below 1. Thus,
all of the guaranteed stability properties of the standard LQR are off.
But using the mixed H,/H,, optimal design discussed in this paper,
we can improve the stability robustness properties of the general H,
optimal solution at the expense of some H, performances.

3) With this mixed H,/H,, optimal controller, the elastic aircraft
have bigger singular values of return difference than the rigid-body
aircraft, associated with stronger stability robustness characteristics.

More specifically, we can view these characteristics in the time
domain by calculating the transient responses of the pilot station
acceleration a,, to the unit step input of the plunge gust .

Figures 5, 6, and 7 show the step responses of a, to w for Hz, He
optimal designs and a mixed H,/H,, optimal design with y = 3,
respectively.
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Fig.5 Step responses of a, to w of H optimal design: —, rigid body
and - - - -, elastic body. .

»N w

unit step response of a, (ft/s*)

op L TR . . N
0.0 05 10 15
time (sec)
Fig.6 Step responses of a, to W of H, optimal design: —, rigid body
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From Fig. 5, one can see that the H, optimal design can suppress
the effects of the plunge gust input significantly because the steady-
state outputs of a,, are only 0.0037 (ft/s?) for the rigid-body model
and 0.0027 (ft/s?) for the elastic mode model. But the resulting
system is potentially weak in stability robustness characteristics
since the settling time of the transient response is around 6 s.

On the other hand, one can see, from Fig. 6, that the H,, op-
timal design is very strong in stability robustness characteristics
because the settling time is only around 1 s, much shorter than that

of H, optimal design. But the resulting system is notably deficient
in handling plunge gust input. The steady-state outputs of a, are
2.8963 (ft/s?) for the rigid-body model and 2.5062 (ft/s*) for the
elastic mode model. Actually, the H,, optimal design amplifies the
plunge gust input on the output.

From Fig. 7, one can see that the mixed H,/ H,, optimal design is
between these two extreme cases. For y = 3, the steady-state out-
puts of a, to the unit step input of the plunge gust are 0.6492 (ft/s?)
for the rigid-body model and 0.4250 (ft/s®) for the elastic mode
model. The settling time is around 3 s for both models. Thus, by
choice of y, one can choose the controller that results in the de-
sired closed-loop noise rejection properties and stability robustness
characteristics.

From these step responses, one can also see that the step gust does
not excite the elastic mode because of this mixed control design.

From all of the preceding, we can see that the elastic aircraft model
provides universally better performance than the rigid-body model
in this mixed control design. This result, however, may not always be
the case. The reasons this result is obtained in the present study are as
follows: 1) The models used here are only the linear reduced-order
approximate models, and other dynamics and degrading effects are
not included; and 2) the elastic model has two more elastic states,
and they are assumed to be available for feedback in the design.
Therefore, this model has two more degrees of freedom in the design
and also more information for feedback. In practice, however, the
elastic states are generally not explicitly available for feedback. One
is again faced with designing a state estimator. In such a case, the
elastic model may not produce as good performance as it does in
the state feedback case.

V1. Conclusions

A mixed H,/H,, optimal control design for a flight control prob-
lem is explored in this paper. By Schur complements, this mixed
optimization problem is formulated as a standard eigenvalue prob-
lem that involves linear matrix inequalities. Efficient interior point
algorithms are developed to solve this optimization problem nu-
merically. A link between H, and H,, objectives has been obtained.
Using the algorithms developed in this paper, we guarantee a solu-
tion to this mixed optimization problem. Through this mixed design,
one can optimize the H, performance for a specified level of stabil-
ity robustness characteristics. Or equivalently, we can optimize the
robust stability performance for a specified level of the H, perfor-
mance. Thus, the designer can determine the controller that results
in the desired noise rejection properties and the robustness charac-
teristic performances.
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